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Abstract

Jaulin, L. and E. Walter, Guaranteed nonlinear parameter estimation from bounded-error data via interval
analysis, Mathematics and Computers in Simulation 35 (1993) 123—-137.

This paper deals with parameter estimation in the bounded-error context. A new approach, based on interval
analysis, is proposed to compute guaranteed estimates of suitable characteristics of the set S of all values of
the parameter vector such that the error between the experimental data and the model outputs belongs to
some predefined feasible set. This approach is especially suited to models whose output is nonlinear in their
parameters, a situation where most available methods fail to provide any guarantee as to the global validity of
the results obtained. After a brief presentation of interval analysis, an algorithm is proposed, which makes it
possible to obtain guaranteed estimates of characteristics of S such as its volume or the smallest axis-aligned
box that contains it. Properties of this algorithm are established, and illustrated on a simple example.

1. Introduction to bounded-error estimation

Let y € R™ be the vector of all measurements performed on a system to be studied. This
vector may correspond for example to n, scalar measurements performed at various times on a
dynamical system, or to a set of measurements corresponding to various experimental condi-
tions on a static process. We assume that these data are to be described by the vector y_ € R™
of the outputs of a model with a fixed structure but unknown parameter vector p € R"».
Although both y and y, usually depend on inputs (or operating mode, or experimental
conditions), this dependency will be omitted here for simplicity of notation. The purpose of
parameter estimation is to find p such that y_(p) fits y best in a sense to be specified. A
recent special issue of Mathematics and Computers in Simulation [19] has been devoted to the
special case of bounded-error estimation. In this context (see, e.g., [21] for a survey), the
parameters are considered admissible if the error e(p) defined as ‘ ‘ '

e(p) =y — yu(P) SR e
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belongs to some prior compact set of admissible errors E C R"» defined by n_ inequalities (n, as
number of constraints). E may for instance be the box defined as

E={e|q‘<e<e+}, (2

where e~ and e* are prior bounds and the n.=2n, inequalities are to be taken component-
wise. Other types of compact sets could be considered as well, as more general polytopes or
ellipsoids,.for example when there is only a quadratic constraint on e (n,=1). One is then
primarily interested in finding the set S of all values of p such that the error is admissible:

S={ple(p) €f}. 3)

This set has been called by various authors membership set, likelihood set and (posterior) feasible
set. If the data have been generated by a model y,(p*), where p* is some true value of the
parameters, and if e(p*) €[E, then S contains p*. Thus, S provides us with an accurate
description of the uncertainty with which p* is estimated.

Remark 1.1. If the prior.feasible set for p is a subset of R"» defined by inequality constraints,
these inequalities can readily be incorporated in the set of those defining the posterior feasible
set S.

If the reciprocal function of y, (in a set-theoretic sense) is denoted by y.!, S can
equivalently be defined as

S=ya'(y —B) =ya'(V), (4)
where Y =y — [ is the measurement set. For any p € S, there exists e € E such that
Y =Ya(p) +e. )

When y,, is linear or affine in p and E is a polyhedron, S is a convex polyhedron (most often a
convex polytope). It can then be characterized exactly and recursively (see, e.g., [4,13,20)).
Techniques have also been proposed to bound S by ellipsoids [1,7] or boxes [11].

When y,, is not affine in p, one may think [2] of linearizing it around some value of the
parameters estimated beforehand and then using any method for linear models. Scanning the
parametric space using random search has also been considered (see, e.g., [17]). None of these
techniques, however, offers any guarantee as to the global nature of the results obtained.

Whether or not y,, is affine in p, computing the smallest axis-aligned orthotope containing S
can be performed by solving 2n, problems of mathematical programming. Each of them
corresponds to the maximization or minimization of a component of p subject to the n,
inequality constraints that define S. In a large number of problems of practical interest (such as
the estimation of the parameters of an ARMA model or of a discrete state space model) these
problems can be set in the framework of signomial programming and techniques have been
proposed that allow one to get global results [6,12]. Here, we suggest an alternative approach
— based on interval analysis — which can also be used to obtain guaranteed estimates of
suitable characteristics of S in the nonlinear case. First interval analysis is very briefly
presented in Section 2. Section 3 then describes how it can be used in the context of
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bounded-error estimation. An algorithm is proposed, and some of its properties are estab-
lished. An illustrative example is treated in Section 4. *

2. Interval analysis

Interval analysis has been a very active field in scientific computation for the last twenty
years (see, e.g., [10,14,16,18]). There are now commercially available extensions of FORTRAN
and pascaL that include interval arithmetic among their features [8,10]. After recalling the
notions needed to understand the algorithm proposed in Section 3, we shall establish a result
useful for the analysis of its complexity.

2.1. Interval arithmetic

Interval arithmetic treats intervals as a new kind of numbers, on which all classical
arithmetical operations can be performed. Intervals are basic constituents of the description of
uncertainty in the bounded-error context, as probability laws are for a statistical description.
Interval arithmetic makes it possible to propagate the uncertainty on numbers to the results
obtained by making numerical computations on these numbers.

Definition 2.1. An interval [x] of R (or scalar interval) is a closed, bounded and connected set
of real numbers

[x] =[x, xT] ={x|x"<x<x}.

The set of all intervals of R will be denoted by IR.
Definition 2.2. A box [x] of R™ (or vector interval) is the Carfesian product of » intervals of IR.

The set of all boxes of R" will be denoted by IR”. Boxes will be specified indifferently in any
of the three following ways:
[x] =[x, x7] X [x3, 23] X -+ X [x,, 7],
[x] = [x,] X [x,] X -+ X [x,],
[x] =[x, x*].
Remark 2.3. Vectors x of R” will also be considered as belonging to IR”, with x " =x"=x.
Definition 2.4. The width of a box [x] € IR, denoted by w([x]), is given by

w([x]) =max{x; —x;,i=1,...,n}.
Any vector of R” has a zero width, so that w is only a semi-norm.

Definition 2.5. The enveloping box of a compact subset A C R”, denoted by [A], is the smallest
box of IR” that contains A:

[A] = N{[x] €IR"|A c [x]}.

































