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In this paper, we describe the use of a set inversion algo-
rithm to solve localization problems. The method is based
upon the principles of set-membership estimation. It is de-
tailed in the case of the localization of a vehicle from range
measurements in a polygonal environment. Salient proper-
ties of the method are as follows. First, it does not need any
prior matching hypotheses between the range measurements
and the environment landmarks; instead, these hypotheses
are obtained as a by-product of the procedure. Second,
it is able to deal with ambiguous situations where several
radically different vehicle configurations are consistent with
the measurements, leading to a disconnected solution set.
Third, it is robust to outliers. Fourth, it can deal with non-
linear observation models without local linearization. Fifth,
no configuration consistent with the data and the hypothe-
ses can be missed.

Keywords— guaranteed estimation, interval analysis, local-
ization, mobile robotics, set-membership estimation

I. INTRODUCTION

The existence of autonomous vehicles and mobile robots
is motivated by the need to interact with the real world.
In order to achieve a useful task, actions are precomputed
by planners that use simplified models of the robot and
its workspace. Since reality is always more complex than
any model used to represent it, the execution of the task
planned must be performed in closed loop.

The usefulness of feedback for executing robot missions
has long been recognized. It resulted in sensor-referenced
control and vision-based control, which are efficient in the
context of elementary tasks such as lane keeping for auto-
mobiles on automated highways [1] or pipe following for
submarines [2]. For such elementary tasks, localization
is not needed. The efficiency of sensor-referenced control
stems from the fact that the objective of the mission has
been translated into the sensor space during the planning
phase, thus saving interpretation time during execution.

However, when monitoring such elementary robot-tasks
[3], one needs more information than necessary for execut-
ing the basic regulation processes, because monitoring and
diagnosis rely upon information redundancy. A localization
of the vehicle is then of paramount importance.

Localization is difficult due to the variety and complex-
ity of the mission environments that a mobile robot may
encounter. The available data are both inaccurate and un-
certain [4]. Uncertainty stems from the fact that the real
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environment may be cluttered with non-mapped obstacles
that generate meaningless measurements whereas inaccu-
racy results from unavoidable imperfections of the sensors
and of the environment map.

The most popular solution for localization is recursive
and based upon extended Kalman filtering (EKF) [5], [6].
The estimate is updated by minimizing a criterion quan-
tifying the measurement prediction error. The need for
initializing this recursion is generally dealt with by assum-
ing that the initial estimate is well known, as is the case, for
instance, when the vehicle passes through a door or when
it starts from its power supply station.

Even if this assumption is correct, the robot may get
lost due to the clutter in the environment and then need
a new initialization. Again, EKF-based estimation can be
used for that purpose but it is inherently local and thus
suffers from two limitations. First it may get trapped in
local optima. Second, it produces a single solution, even
when several should be found due to symmetries in the
environment.

The present paper is thus focused on the initialization
phase, Achilles’ heel of iterative schemes. Very few ap-
proaches of the litterature are capable of taking into ac-
count the fact that there may exist several radically dif-
ferent solutions due to local symmetries. Among them,
one may mention those based on search trees (see, e.g.,
[7] and [8]), and the one very recently proposed and based
on a divide-and-conquer method in a probabilistic context
[9]. In the present paper, a divide-and-conquer approach
is also used, but in the non-probabilistic context of set-
membership estimation (see, e.g., [10], [11], [12], [13] and
the references therein). This will make it possible to deal
with both inaccuracy and uncertainty and to provide guar-
anteed results even when the data are ambiguous.

Set-membership estimation characterizes the set of all
states consistent with the available measurements as inter-
preted by an observation model. This is an alternative ap-
proach to EKF-based solutions that yield point estimates
together with covariance matrices locally quantifying the
estimation inaccuracy [14]. The first set-membership meth-
ods introduced in robotics [15],[16] used ellipsoidal domains
to enclose the solution sets: this choice corresponded to
the availability and convenience of ellipsoidal algorithms
together with the possibility to compare [17] the solutions
with those based on EKF. The use of set-membership esti-
mation in robotics was first motivated by its greater abil-
ity to deal with short data sets than the methods relying
upon the usual Gaussian hypothesis [18]. This property is
especially useful during initialization phases. Another im-
portant property of set-membership estimators is the pos-
sibility to take observation uncertainty into account by de-
tecting model failures. The idea is quite simple: whenever



Fig. 1.

Configuration of the vehicle

an empty solution set is obtained, the measurements and
the observation model are incompatible. This property has
been used in [19] to match angular measurements with go-
niometric landmarks and in [20] and [8] to track multiple
configurations.

This paper proposes to use a set-inversion algorithm [21]
based upon interval analysis to find an initial solution set
compatible with the available measurements and an envi-
ronment model consisting of a collection of landmarks. It
is organized as follows. In Section 2, localization will be
interpreted in terms of virtual mechanical immobilization.
It will be shown that the solution set can be obtained via
the inversion of a simulator predicting the sensor data for
any given robot configuration. Section 3 describes a tool
for solving this inversion problem in a global and guaran-
teed way. Section 4 presents the inversion of a simulator
of sonar measurements. Simulation results illustrate the
method. An adaptation of the method to take outliers into
account is reported in Section 5, and illustrated by exper-
iments performed with an actual robot.

II. VIEWPOINTS, CONCEPTS & NOTATION

Let M be a reference frame tied to the vehicle and W a
reference frame tied to the workspace, i.e., the part of the
environment where the mission of the robot is defined. The
configuration of the vehicle, denoted by q, specifies the
transformation from M to W. In a 2D context (Fig. 1), it can
be defined as

T
q= [mc,yc,G] € R? x [-m,+n[ mod 2, (1)

where (z¢,yc) are the coordinates of a characteristic point
C and 6 denotes the orientation of the vehicle.

In the sequel, localization is understood as the action
performed to estimate the configuration, which can be in-
terpreted as a state estimation problem. Here we shall only
deal with static localization from measurements obtained
during an initialization phase while the vehicle is steady.

A. Sensors

We are interested in autonomy of operation and do
not assume the availability of sensing devices tied to the

Fig. 2. An ideal telemetric measurement

workspace such as a G.P.S. or an external camera. The
vehicle is endowed with external sensors that provide in-
formation about the progress and completion of its mission.
Examples of such external sensors are telemeters and arti-
ficial vision systems. Each sensor gives an information! "z
about an interaction between the vehicle and at least one
landmark 'S of the environment. This relation is generally
written as an observation equation

"z ="h(q,"s). (2)

In the sequel, an alternative viewpoint is considered,
based upon a mechanical analogy that defines localization
as an immobilization by external measurements interpreted
as virtual mechanical links. This interpretation makes it
possible to complement the observation equation (2) by
adding inequalities (such as the unilateral constraint ex-
pressing the fact that a point belongs to a given half space).
The result of an external measurement is then reconsidered
as a system of relations:

¥z ="h(q," S)
{ 0<"g(q's) - ®)

This interpretation enables one to

« take advantage of prior knowledge such as the length of
a straight segment in the map of the environment,
« specify inaccurate measurements by a system of inequal-
ities instead of the usual additional noise terms, leading
thus to a natural set-membership formulation of the local-
ization problem.

The next subsection illustrates this interpretation on the
simple case of localization from telemetric measurements in
a polygonal environment (with a map consisting of straight-
segment landmarks).

B. A mechanical metaphor of localization

Consider a perfectly accurate telemeter (Fig. 2) in an
ideally Lambertian environment. It is installed at coordi-
nates? ™ (2, y4) " and faces the o direction. The result of
its measurement is equivalently

1 As usual in mechanics, Fx denotes the coordinates of the vector x
in the reference frame F.

2By convention, a primed coordinate is defined in the mobile refer-
ence frame : z/, is thus the first coordinate of "T'.



Fig. 3. Attributes of a facet landmark

o the distance d from the closest obstacle to the sensor in
the o' direction, or

« the coordinates "P = [z/p,y})" of the detected point of
impact P on the obstacle, which are related to the previous

quantities by:
!
vy [ TT d
() )(2)- @
(o) ). @
The observation relations (3) are obtained by stating
that "P belongs to a landmark "S. These relations depend
on the configuration because q characterizes the transfor-
mation from M to W used to express all quantities in the

same reference frame:
zc

=)+

Consider a straight-segment landmark S (Fig. 3), or more
precisely a facet landmark since only one of its sides is
visible from the telemeter. Denote its vertices by A and B,
and its midpoint by M the reflecting side is by convention
on the left-hand side of AT , and the support line ) AB( can
be described as:

—sin o/
cosa’

cos o'
sin o/

—sinf
cos

cos
sin @

) "p. o (5)

{z.cosp+y.sinp = p; p>0}. (6)

The statement that the detected point P belongs to S trans-
lates into several relations, which can be given both in ge-
ometric and in analytic forms as detailed below.

o The fact that P belongs to the support line (6) of S is
described geometrically by

<m§, u> = p with "u = [cos ¢, sing]" , (7)

and analytically by {z = 0} where

{z:

« The finite value (21) of the length of S is expressed either
as

Tc.Ccos@ + yc.sing... (8)
+ cos(p — ).z +sin(p — 8).yp — p.

s e o

Fig. 4. Localization as immobilization

or as

[(zpm — zco).sinp — (ypmr — yeo)- cos ...
+ cos(p — 0).2'p — sin(p — 0).yp| <

(10)

e The fact that the sensor T is inside the half-plane on the
reflecting side of S is described by

det(ﬂ,ﬁ) > 0, (11)

which is based on the sign of an external product, or equiv-
alently by

To.COsSY + yco.sing
+cos(p — 0).(zp — ) ...
+sin(p —0).(yp —yy) = 0.

The system of relations {(8), (10), (12)} (or equivalently
{(7),(9), (11)}) instantiates the general format (3) in this
particular case.

From another viewpoint, these relations can also be in-
terpreted in terms of the following mechanical analogy. The
point P of the obstacle detected by the sensor is tied to M
as a result of the distance measurement; it belongs at the
same time to the straight-segment landmark S defined in W.
The corresponding link between the vehicle and S is thus
a combination of a ball-and-socket joint with a slider joint.
Localizing the vehicle can then be seen as immobilizing it
by several such mechanical links. This can be done by us-
ing at least three measurements on three landmarks that
are not all parallel to each other, as shown on Fig. 4.

Of course, the telemeter model considered so far is ideal-
ized and we shall now take advantage of the ability to ma-
nipulate inequalities in the general external measurement
statement (3) to take the sensor imperfection into account.
Consider a more realistic telemeter model (Fig. 5) where
the sensor inaccuracy is described by compounding two
causes, namely the lack of precision of range measurements
and the dispersion of the beam emitted by the telemeter.

(12)



Fig. 5. The inaccurate measurement principle: the distance d is gen-
erated by the closest well oriented surface of obstacle (P*) inside
the emission cone. It yields an angular inaccuracy 7y combined
with the radial inaccuracy dd steming from the lack of knowledge
of the wave celerity

We now assume that the obstacle detected corresponds
to the closest well oriented surface element inside the emis-
sion cone, the aperture angle v of which is supposed to be
known. Thus, when a measurement (d, ') is obtained, one
only knows that the point P detected belongs to a crown
sector CS(d,a') C R? defined in M by

Mp — ( o >
Yt
N _ cosa’ —sina’ d .
CS(d,a’) =9 + ( sin o cosa’ ( 0 )’

o € —y,a +7];
de[d—éd,d+éd).
(13)

The induced localization relation is then translated into
a system of inequalities expressing that there exists at least
a point P of some landmark S in CS(d, o), which satisfies
the description (7), (9) of S, and that the sensor lies on the
reflecting side of S as expressed by (11).

Continuing the mechanical metaphor, the set of feasible
configurations can then be viewed as resulting from the im-
mobilization process described on Fig. 6 when some play
are introduced in the joints. Computing a guaranteed outer
approximation of this set and making it as little conserva-
tive as possible is the main topic of this paper.

So far, we have assumed that, for each measurement, the
associated landmark S was known. This is of course not re-
alistic and a matching operation is required; it consists of
associating some landmark "S to any given measurement
(3). This is the uncertain part of the localization problem
since there are generally many landmarks and non-mapped
elements which may interact with the sensor. The method
presented below will address both the inaccuracy and un-
certainty issues.

s o |

Fig. 6. Inaccuracy in the immobilization/localization resulting from
looseness in the virtual mechanical joints

Assume that the inaccurate experimental data are de-
scribed as a vector of range intervals :

(14)
[rxo7x]

The procedure can then be sketched as follows. An obser-
vation simulator will first be built as a function s comput-
ing the measurements that should be reported by the N
sensors if the configuration of the vehicle were q, assuming
that the models of the sensors and of the environment are
correct:

(15)

The localization problem will then be solved by computing
an outer approximation of the reciprocal image Q of r! by
the simulator s:

Q={qe {R® x[-m +n[ mod2r};s(q) er’}. (16)

Note that this amounts to considering inequalities in the
measurement relations (3) as opposed to the procedures
based upon Kalman filtering that only use the equalities.

The outer approximation of @ will be computed by the
SIVIA3 algorithm. The next section is devoted to intro-
ducing the minimal interval analysis concepts that are nec-
essary to understand the use of SIVIA in this practical
context. More information can be found in the first part
of the appendix.

3for Set Inversion Via Interval Analysis



Fig. 7. Inclusion functions ; f'* is the minimal one

III. INTERVAL ANALYSIS AND SET INVERSION

Interval analysis has been developed to analyze the nu-
merical problems caused by the finite length of the repre-
sentation of numbers in computers [22]. It is now a mature
technique for which computation tools are readily avail-
able, see, e.g., [23]. Scalar intervals are basic objects when
modelling measurement inaccuracy in the bounded-error
framework, as illustrated by (13). When N interval range
measurements are available, they form a vector of intervals
r! (14), or more briefly a boz.

Concerning real intervals, the following notations are
used:

o IR is the set of scalar real intervals:

{zf € IR & 2! = [z7,z%] C R},

o IRY is the set of N-dimensional boxes:

{x! e IRY & x! =[x, x*] ¢ RV}, such that

(xex'} <= {vie{1,2,.,N},z; <z <z}}.

An inclusion function fI of a function f from RY
to RM is an application from IRY to IRM such that
the box f/(x?) includes the image by f of the box x!:
{vxf € IRV, £(x) C fI(xI)} (Fig. 7).

Inclusion functions are used to obtain implementable fea-
sibility tests. To check directly whether the image f(x7) of
a box x! is inside a feasible domain may be impossible
since the set f(x!) is not explicitely computable except in
very special cases. On the other hand, if an inclusion func-
tion £/ can be designed, it becomes easy to test whether
£1(xT), which is a box, is included in the feasible set which
is often also a box. This test gives sufficient feasibility
conditions that may turn out to be conservative. For a
given f, there are infinitely many inclusion functions. The
minimal inclusion function f1* is defined as the tightest
one in the sense that, for any inclusion function 7 of f,
{VXI e IRN, f(x!) c £1*(x) fI(xI)} The tests based
upon minimal inclusion functions will be the least conser-
vative of those based on inclusion functions (see the first
part of the appendix for more details).

Boolean intervals can also be defined. They will be useful
to build interval extensions of algorithms containing con-
ditional branching (if, while, until). The set of Boolean
intervals is denoted IB , its predicates are false, indeter-
minate and true respectively denoted by [0], [0, 1] and [1].

For instance:

{[1,2] > 0} = [,
{[_152] > 0} = [05 1]7
{[-2,-1]>0} = [0].

The extension VI and Al to Boolean intervals of the
Boolean operators V (OR) and A (AND) are trivial to ob-
tain. For instance:

[1]vi(o,1] = [1],
[o]viio,1] = [o,1],
[0]A[0,1] = [0].

A. The SIVIA algorithm

The problem to be solved is the guaranteed estimation
of the reciprocal image Q (16) of a feasible-measurement
set r! (14) by the simulator function s (15). In this
context, the inputs of SIVIA are an initial box qf C
{R? x [-m,+x[ mod 27} that should contain all config-
urations of interest, an inclusion function s’ (') for the
simulator s(q) (15) and a precision parameter ¢.

A box qf will be classified as:

o feasible if s’ (q') is included in the interval range data
rl ie., if (SI (qI) C rI),

o infeasible if (s’ (qf) Nr! =0),

o indeterminate in the other cases (see Fig. 8).

SIVIA is a branch and bound algorithm. It iteratively
builds three lists Lint, Lezt, and L;ng of non-overlapping
boxes. At any step of the algorithm, all boxes in L;,; are
feasible, all those in L.,; are infeasible and L;,q contains
all those that are indeterminate. Initially, L;p; = 0, Lot =
0 and Lina = qb.

An iteration of the algorithm consists of:

1. removing a box from L;,4 such that its width is greater
than e (if no such box exists, the algorithm ends and re-
turns L;n: and Ling;

2. appending this box to L, if it can be proved to be
feasible, to L., if it can be proved to be infeasible. Other-
wise it is indeterminate; it is then cut into two sub-boxes
across one of its principal directions and these sub-boxes
are appended to L;ng-

Upon completion of the algorithm, the solution set is
bracketed between L;,: and Lin: U Ling and the width of
any box in L;,q is smaller than the precision parameter €.
Fig. 9 illustrates this type of result in a 2D context. This
algorithm was first presented in [21] and [24] where its com-
plexity and convergence, argued using Hausdorff distance,
have been studied.

IV. LOCALIZATION BY SET-INVERSION

The localization method advocated in this paper is based
on the inversion of a simulator (15) of the observations.
This simulator must involve a sensor model, as seen in Sec-
tion II-B, and a model of the environment according to the
general definition (3) of external sensors. In this section,
SIVIA will be applied to a specific localization problem cor-
responding to popular experiments in mobile robotics (see,
e.g., [25], [26] and [18]).
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Fig. 8. Bracketting of a solution set between inner and outer approx-
imations (principle)

We shall first describe the practical problem before spec-
ifying the interactions between the sensors and the environ-
ment that are the basis of the simulator. Simulation results
will illustrate the method and conclude the section. Results
on actual data will be presented in Section V.

A. Problem statement

The vehicle considered (see Fig. 10) is a ROBUTER
manufactured by ROBOSOFT with N = 24 ultrasonic
telemeters. It moves in an indoor 2D environment struc-
tured with straight-segment landmarks, some elements of
which define the reference frame W tied to the workspace
(see also Fig. 19).

Telemetric measurements have been introduced in Sec-
tion II-B and the inaccuracy of the sensors is characterized
by giving the values of the relative precision of the range
measurements dd/d and the aperture angle v of the emis-
sion cone (Fig. 5). Localization is based on the fact that the
configuration should be such that, for any measurement,
there should be an intersection between one landmark and
the crown sector (13) corresponding to this measurement.

We shall see that, for a given configuration, the simu-
lated measurement is obtained by combining basic oper-
ations (+,—, x, <), functions (sin,cos) and if tests. An
inclusion function for this measurement simulator will be
obtained by replacing each basic operation, function and
test by its interval counterpart.

B. Observation simulation

We shall first deal with the simplest case correspond-
ing to one telemeter interacting with one landmark, before

0 1 2 3 4 5 6 7 8 9

Fig. 9. Computation by SIVIA of the solution of
{4 <+Vz2+y? < 5} inside the domain {0 <z <9,0<y <8}
with a precision parameter ¢ = 0.1. Feasible boxes are in light

gray, infeasible ones are in dark gray and the indeterminate ones
are white

Fig. 10. The robot, its belt of ultrasonic telemeters and a piece of
the polygonal environment

considering one telemeter interacting with N landmarks
and finally presenting the general case of N telemeters in-
teracting with N landmarks

r r g h r

Consider the elementary interaction, as displayed on
Fig. 5, of the i-th telemeter T; characterized by its set of at-
tributes {2 ,y% , o}, v} and the -thlandmark S which is
a segment of an obstacle of the environment characterized
by the ordered set of its extremities: (A ,B ).

When q is the configuration of the robot, the distance
d(q,T;,S ) that simulates the output of the telemeter is
computed as follows: the algorithm first checks whether
the emission cone C; and the segment intersect. If they do,
then the measurement is is taken as the distance between
the vertex T; of C; and the part of the segment S inside
C;, else the distance is taken as infinite. The intersection



test and the computation of d(q,T;,S ) are sketched in the
second part of the appendix. An interval version of this
algorithm yields an extended interval

dI(anTi;S ): [d_(anTi;S )5d+(anTias )] C {]I]RU }

(17)

A condition on the angle between the axis of the teleme-
ter and the outer normal to the landmark may be added
to improve the realism of the simulation. This condition is
formulated in the second part of the appendix. Fundamen-
taly, there always exists a trade-off between the complex-
ity of a simulation and the number of incorrect data that
it generates. The possibility to take outliers into account,
discussed later Section V, makes it possible to use a simple
and thus imperfect simulator such as the one presented in
this section.

r r g h N r s.

Consider now an environment consisting of N segments
and denoted by = {S; =1, ,N }. The distance
returned by the sensor is denoted by d(q,T;, ); to account
for the occultation of some segments by others, it is taken
as the minimum of the N interaction distances d(q,T;,S ):

da,T, )= min {daTiS}.  (18)

An interval version of this algorithm is easily derived
from the original version operating on real numbers; its
output is again an extended interval:

dI(qI)Tia )= [d_(qIJTi7 )7d+(qIJTi7 ):| C {]HRU }

N rs r g h N rs

When N telemeters are considered, the observation be-
comes an N-dimensional vector denoted by (q, ). The
i-th component of this vector is the output (18) of the i-th
telemeter. Again, an interval version of this algorithm is
obtained by replacing each component by its interval coun-
terpart, which yields an N-dimensional vector of extended
range-intervals:

N, )caru V.

Notice that f(q, ) is an inclusion function ready for
use in SIVIA.

(19)

. Inversion of the simulator

When using SIVIA (Section ITI-A), a box g will be clas-
sified as:
o feasible if each interval component

{di’, )=[di (', ),df (@', )];i=1, ,N}
of the simulated output is included in at least one of the ac-
tual measurement intervals {[r—,7%]; =1, N} (14);
o infeasible if at least one interval component of the simu-
lated output box df(q’, ) does not intersect any of com-
ponents of the measurement, feasible set r! (14);
o indeterminate in all the other cases.

Note that this feasibility test does not require any prior
knowledge of the association between the set {1, ,N}
of telemeter indices i and the set {1, ,N } of landmark
indices . The next examples will show the advantages of
this property.

2.5M
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1 X
osf] h ‘
‘ P B
o R N A V) 2
0] 0.5 1 1.5 ‘2 2.5 3 3.5 4
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Fig. 11. Simulated situation, = (2.9 ,0.6 ,180 )T
2.60 | 2.62 0.36 | 0.28 | 0.25 | 0.25 | 0.25
0.28 | 0.36 0.32
0.25 ] 0.22 | 0.22 | 0.22 | 0.25 | 0.32

TABLE I

. Simulated examples

The first of the two examples considered in this section
illustrates the unique capability of the method to deal with
ambiguous situations resulting from local symmetries in the
environment. The second example is intended to show the
performance of the method in simpler situations.

All simulations are performed using realistic values to
quantify measurement inaccuracy: {|dd/d| <2 } for range
and {y = 10 } for angular dispersion.

D.1 Example with ambiguous data

Consider the situation of Fig. 11. The distance measure-
ments are reported in Table I. Only the finite measure-
ments will be used and are displayed on Fig. 11 where the
crown sectors represent their inaccuracy. The initial search
domain qf = [-05 ,45 ] x [-0.5 ,3 ] x [0,360 ],
known to contain the solution, is iteratively split by SIVIA
into sub-boxes, as shown on Fig. 12. Upon completion of
the algorithm, inner and outer approximations of the feasi-
ble configuration domain are obtained, which both consist
of two disconnected sets (Fig. 13). It turns out that the
measurements are interpretable not only with the match-
ing hypothesis 1 (20), which corresponds to the initial
simulation (Fig. 11), but also with the alternative match-
ing hypothesis 2 (21) illustrated on Fig. 14, which is also
consistent with the data but was not necessarily predicted
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Fig. 12. Iterative decomposition of the initial search domain
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Fig. 13. Solution set

(the numbering of the segments S is displayed on Fig. 14
while the numbering of telemeters is not displayed for the
sake of readability).

Tl, T — S

1 T s 7T10 — S3 (20)
Ty, ,T2 — S
T1,Ts — S,

2 T y ,T10 e S (21)
T , ,T22 — S

This property of the method is of paramount importance
when initializing a localization procedure with poor prior
knowledge, such as, for instance, the robot is at the third
level of the building .

With a less symmetrical environment where the inter-
pretation of the measurements is no more ambiguous, the
solution usually consists of a single connected set, as the
next example shows.

D.2 Example with unambiguous data

Consider now the simulated situation displayed on
Fig. 15, where the widths of the two corridors are no

2.5

y (m)

0.5r

x (m)

Fig. 14. Simulation of measurement for the alternative matching
hypothese 2

3.5

2.5

o] 1
> >N _/
1.5
1k
0.5
ok =
[o] 1 2 3 4
x (m)
Fig. 15. Simulated situation the widths of the two corridors are
di erent, = (2.9 ,2.10 ,180 )T

longer identical. The initial search domain is again taken
asq) =[-0.5 ,45 ]x[-0.5 ,3 ]x[0,360 ]; it is iter-
atively split by SIVIA into sub-boxes as shown on Fig. 16.
The resulting outer approximation of the feasible configu-
ration set is described by Fig. 17. It now consists of a single
connected set. It should be noted that, even with a large
aperture of the emission cone (v = 10 ) the accuracies of
the estimates of y and 8 are excellent while the accuracy
in the z direction is not so good because the corresponding
measured distances are large and the range measurement
inaccuracy is given by a relative precision {|dd/d| <2 }.

V. REAT ENT O OUTLIERS, E PERI ENTAL RESULTS

Fig. 18 summarizes actual data obtained in the experi-
ment described in Fig. 19. The first simulated example of
Section IV-D corresponds to this practical situation. On
Fig. 18, some measured distances obviously cannot be as-
sociated with any landmark in the map because of the
failure of some sensors and of the presence of unmapped
elements. A simple way to make the previous estimation
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Fig. 17. Solution set

method robust to such outliers is to relax some conditions
in the feasibility test of Section IV-C. Thus, when N dis-
tance measurements are available but it is feared that up
to M of them may be outliers, a box qf will be classified
as:

o feasible if at least N — M interval components of the
simulated output (q’, ) (19) are included in some inter-
val components of the actual interval measurement vector
r! (14);

« infeasible if more than M interval component of the sim-
ulated output ‘(q’, ) (19) do not intersect any of the N
components of r’;

¢ indeterminate in all the other cases.

One possible way to choose M in the absence of prior
knowledge is to initiate the procedure assuming M = 0 and
to increment it until the solution set becomes non-empty.

Fig. 20 displays the result of this procedure applied to the
experimental data of Fig. 18, again with: {|0d/d| <2 }
for range and {y = 10 }, for angular dispersion, an initial

y (m)
2

\
|
‘ y

X (m)

Fig. 18. Actual measurements. The three vertically aligned impact
point on the right side of the figure are generated by an un-
mapped step. The longest measured distances correspond either
to the absence of landmark or to a sensor failure

Fig. 19.  eneral overview of the experiment

search domain qf = [-0.5 ,4.5 ]x[-0.5 ,3 ]x]0,360 ]
and a precision parameter ¢ = 0.02 with M = 14 outliers
and N — M = 10 significant distances (note that there are
more outliers than significant measurements). The com-
putation time using a Pentium 120 PC is 40s. As in Sec-
tion IV-D.1, the solution is composed of two disconnected
sets (compare Fig. 20 with Fig. 13). These two sets of so-

lutions correspond to the two matching hypotheses 7 and
5t
T, T, T2 — S
I 13,7 ,T ,T — S3
Ty ,Th , Ty — S
Th,T>,T> — S
3 T, T, T, T — S
Th, 71 , T — Si



183 2
18255 o
182 -

181.5+

theta (degre)

181

180.5 - i M

180 -

y (m) x (m)

Fig. 20. The solution of the localization experiment
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In this paper, set inversion is employed for the localiza-
tion of a mobile robot with respect to a set of detectable
landmarks. The implementation of this technique is based
upon interval calculus which allows global and guaranteed
results to be obtained. It involves inverting a simulator
of the vehicle observations, in order to find the set of
all configurations compatible with experimental measure-
ments whose inaccuracies are expressed by bounds on pos-
sible errors.

The approach has been detailed by focusing on the ped-
agogical case of sonar telemeters, showing how it was pos-
sible to cast a real-world problem into a form suitable for
the application of the set-inversion procedure.

One key advantage of the method is that it does not re-
quire the definition of a prior matching between the mea-
surements provided by the sensors and the landmarks of
the environment. Instead, this matching application, that
can be viewed as an interpretation of the measurements, is
a by-product of the algorithm.

Another remarkable feature of the approach lies in the
fact that, when measurements are ambiguous because of
symmetries in the environment, the estimate of the config-
uration domain may be disconnected, each connected com-
ponent corresponding to a specific matching hypothesis.
The present method answers thus, in a non probabilistic
framework, to the requirement posed by Olson [9] that,
when many locations in an indoor environment look sim-
ilar, the best strategy to track the robot position consists
to maintain the entire likelihood surface using a multires-
olution data structure .

It has been shown how the method could be made robust
to outliers. This is important to take into account the un-
avoidable difference between reality and any of its models,
especially when the model is as simple as the one used here
for the simulation of the observations. This ability has been
illustrated in the context of an actual experiment, where
the number of outliers was larger than that of the regular
distance measurements.

From a methodological viewpoint, considering the inac-

ONCLUSIONS

curacy of the measurements in a set-theoretic framework
has been advocated by using a similar mechanical analogy
as the one used in the task-function approach for robot
control. This set-theoretic approach enables one to use in-
equalities and not only equations in the observation models.
It is also well suited to model deterministic errors such as
those of the environment map.

This paper was focused on the case of the localization of
a static vehicle using a single type of sensor. The method-
ology is currently being extended to other types of sensors
and to the tracking of moving vehicles. For first results in
the latter direction, see [27].
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PPENDI
I. UIC INTRODUCTION TO INTERVAL NALYSIS

Interval analysis extends the arithmetical operations on
real scalars to intervals as follows:
Vol = [z7,27]) € IR, Vy! = [y~,y*] € IR;

2l +yl = [z +y T +yt],
-yl = [z7—ytzt -y,
.'EI yI = {.Z' Y; T € [.7;7,.7;_'_];?/ S [ZJ*:ZU+]};

R S U

,+  Jelse
y'/at =

y! 1/
Extensions of elementary functions such as sin or cos are
also easy to define. For instance,

cos ([-n/3,-n/6]) = [0.5, 3/2],
cos ([-m/3,+n/6]) = [0.5,1],
sin ([—m, 7/86]) = [-1,0.5].

These operations can be arbitrarily combined but note
that some properties of real arithmetic no longer hold true.
For instance, the distributivity of multiplication with re-
spect to addition is replaced by the subdistributivity prop-
erty:

' (Y +2) cat oy a2t 2

When dealing with interval vectors, one may use scalar
interval computation componentwise. The localization re-
lations discussed in Section II-B involve scalar (7), (9) and
external (11) products as well as basic arithmetic and
trigonometric functions (4), (5). To illustrate interval ex-
tensions of such computations, let uf = [1,2] x [1,2] € IR?

and T =1[1,3] x [1,2] € IR, then u!, I ' =[1,10] and
det’ (u!, T) =[-5,3].

Let f be any computable function from RM to RV. Re-
call that the image by f of a box x! of IRM is generally
not a box of IRY. An inclusion function 7 for f is such
that the image f7 (x!) of any box x! € IRM is a box that
contains f (x’). Some inclusion functions are more con-
servative than others. Consider, for instance, the scalar
function defined by (z) = z? — 2z + 3. Two inclusion
functions for its interval extension are:

HED ol 2t — 227 +3,
D! (zf —1)2 + 2.

£([0,1]) = [1,4] overestimates ([0,1]) = [2, 3] whereas
4 ([0,1]) does not. This is due to the fact that 2! appears
only once in J but twice in {. It is a good practice to
limit the number of occurrences of the variables as much

as possible.

II. O PUTATION O T E DISTANCE RO A POINT TO
A SE ENT INSIDE A CONE

Consider the elementary interaction, as shown on
Fig. 5, between the telemeter 7' whose characteristics
{z%, ylr,a',v} are defined in the mobile reference frame
M and the landmark S whose vertices (A, B) are given in
the world reference frame W. The coordinates of the emitter
YT of the telemeter and of the extreme vectors (uy, uy) of
the emission cone C are derived from the knowledge of the

configuration q = (z¢, yo, 0)T as follows:
W zc cosf —sinf Tr
T = (yc >+(sin0 cosf )(QT ’

w ( cos(f + o' —7)
- sin(0 + o' — )
cos 2y

( sin 2y

).

—sin 2y ) u
1.

cos 2y
The half space that faces the reflecting side of the land-
mark S = (A4, B) is denoted by and defined by

(22)

{Pe CR} <= {det(P_/i,ﬁ) > 0} . (23)
The emission cone is denoted by C and defined by
det(ur, TP) > 0
{PeCCR} { (ur, ) } (24)

{det(ﬁm) > 0}

The distance returned by the telemeter is denoted by
d(q,T,S) and defined by the relation

d(q,T,S) =
{T ¢ }
if¢ v
{(AB)nC =0}
infp ( TP ) in the other cases.



Fig. 21. Cased=T

Fig. 22. Cased=T

The algorithm that computes the distance d(q,T,S) de-
termines, if any, the point of the segment S = (AB) closest
to the vertex T of the cone C inside the cone. The problem
is split into cases. Each of them corresponds to a specific
projected point, the computation of which is never more
difficult than finding the solution of a system of two linear
equations.

Consider for instance the case displayed on Fig. 21 where

d(q,T,8) = TA . Ttis analytically characterized by the
following inequalities

det(us, TA) > O, (25)
det(TA,ux) > 0, (26)
<T7LE§ > 0. (27)
det(TA, TB) > o. (28)

The first inequality (25) expresses that A is on the left
side of the half-line (T, u;(, the second one (26) that A is
on the right side of the half-line (T, us(, the third (27) that
the absolute value of the angle (T_fi, E) is smaller than
m/2 and the last one (28) that T is on the left hand side
(i.e. the visible side) of the vector 4B.

Fig. 22 displays an alternative case where d(q,T,S) =
T 1, 1 being the intersection of the half-line (T, u; ( with

the line ) A, B(. This case is characterized by the following
system of inequalities:

det(TA,u;) > 0 (29)
det(uy, TB) > 0 (30)

<u1,ﬂ§> > 0 (31)
det(TA, TB) > 0 (32)

Inequality (29) states that A is on the right hand side
of the half-line (T, u;(, the second one (30) expresses that
B is on the left hand side of the half-line (T, u2( and (31)

means that the absolute value of the angle (ul,@) is

smaller than /2.

The complete program distinguishes five such cases.
Defining an interval version of such an algorithm that in-
volves Boolean tests is facilitated by the use of Boolean
intervals examplified in Section III.

To improve the realism of the simulation, one may im-
pose an upper bound on the angle between the axis of
the telemeter, defined by it coordinates Yu = (cos (6 + o),
sin (§ + o'))T in the world frame, and the outer normal
to the landmark AB (heading towards the exterior of the
landmark). Let be this upper bound (with, e.g., =y for
purely specular reflections). The condition to be added in
the computation of d (q, ,$S) is then analytically expressed
as follows:

Let " =[(cos(@+ ' +n/ ),sin(@+a' +7/)) ,
(<ﬂ3’, >/ AB d(q, ,8) =

This simple analytic expression makes it possible to define
an interval version of the test.
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