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Boeing & Tupolew Collision
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Avoidance System (TCAS)
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command
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ï TCAS recommendation
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Official Inquiry Recommendation:

ñpilots are to obey and 

follow TCAS advisories, 

regardless of whether 

contrary instruction is givenò

Ý Requires high confidence design
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Formal 
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TCAS verified 

in part
[Livadas, Lygeros, 

Lynch, ô00]

Verification

(algorithmic)
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Join Maneuver [Tomlin et al.]

ǒ Traffic Coordination Problem

ï join paths at different speed

ǒ Goals 

ï avoid collision 

ï join with sufficient separation
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Join Maneuver [Tomlin et al.]

ǒ Traffic Coordination Problem

ï join paths at different speed

ǒ Goals 

ï avoid collision 

ï join with sufficient separation

ǒ Models

ï Environment: Planes

ï Software: Controller

Åswitches fast/slow

ǒ Specification

ï keep min. distance

disturbances
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Formal Verification

ǒCharacteristics

ïmathematical rigor (sound proofs & algorithms)

ïexhaustive

ǒ In this talk: Reachability Analysis

initial states

run (trajectory)
forbidden states

reachable states

= states on any run
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Join Maneuver [Tomlin et al.]

time

reachable states

yellow plane

reachable states

blue plane
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Join Maneuver [Tomlin et al.]

time

Possible collision!

reachable states

yellow plane

reachable states

blue plane
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Formal Verification

ǒKey Problems

ïcomputable (decidable) only for simple dynamics

ïcomputationally expensive

ïrepresentation of / computation with continuous sets
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Formal Verification

ǒFighting complexity with overapproximations

ïsimplify dynamics

ïset representations

ïset computations

ǒOverapproximations should be

ïconservative

ïeasy to derive and compute with

ïaccurate (not too many false positives)
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Outline

I. Hybrid Automata and Reachability

II. Reachability for Simple Dynamics

a) Linear Hybrid Automata

b) Piecewise Affine Hybrid Systems

III. Application to Complex Dynamics via Hybridization
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Formal Verification

Model of 

Physics

Model of

Software

Model of System

continuous dynamics discrete dynamics
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Modeling Hybrid Systems

ǒExample: Bouncing Ball

ïball with mass m and position x in free fall

ïbounces when it hits the ground at x = 0

ïinitially at position x0 and at rest

x

0

Fg
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ǒCondition for Free Fall

ïball above ground:

ǒFirst Principles (physical laws)

Part I ïFree Fall

x

0

Fg
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ǒObtaining 1st Order ODE System

Part I ïFree Fall

x

0

Fg
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Part II ïBouncing

ǒConditions for ñBouncingò

ǒAction for ñBouncingò
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Combining Part I and II

ǒFree Fall

ǒBouncing

continuous dynamics

discrete dynamics
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Hybrid Automaton Model

freefall

flow

location

invariant

discrete transition

guard

label

reset

initial conditions
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Hybrid Automata

ǒDefining Inhabited State Space:

ïLocations

ïVariables

ÅValuation:

ÅState:

ïInitial states

ïInvariant
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Hybrid Automata ïDiscrete Dynamics

ǒDefining Discrete Dynamics: Trans

ǒSemantics: Discrete Transition

ïcan jump from (l,x) to (lô, xô) if x 2 G and xô2 R(x)

G

R

(l,x)

(lô,R(x))
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Hybrid Automata ïCont. Dynamics

ǒDefining Continuous Dynamics: Flow

ïfor each location l differential inclusion

ǒSemantics: Time Elapse

ïchange state along x(t) as time elapses

ïx(t) must be in invariant Inv

ï
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Hybrid Automata ïCont. Dynamics

ǒBouncing Ball:

ïFlow: 
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Hybrid Automata - Semantics

ǒRun

ïsequence of discrete transitions and time elapse 

ǒExecution

ïrun that starts in the initial states

x0(t)

x1(t)

x2(t)
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Execution of Bouncing Ball

time t

position x

x0(t)

x1(t)

x2(t)
x3(t)

x4(t)

±0 ±1 ±2 ±3 ±4

x0

0

é

time t

velocity v

v0(t)
v1(t)

v2(t)
v3(t)

v4(t)

±0 ±1 ±2 ±3 ±4

v0

0

é
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Execution of Bouncing Ball

ǒState-Space View (infinite time range)

position x

velocity v

discrete transition

x0

0

x0(t)

x1(t)

x2(t)
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Computing Reachable States

ǒReachable states: Reach(S)

ïany state encountered in a run starting in S

position x

velocity v0

S
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ǒCompute successor states

0

R0

Computing Reachable States

R1= Postc(R0)

R2= Postd(R1)

R3= Postc(R2)
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Computing Reachable States

ǒFixpoint computation

ǒProblems

ïin general termination not guaranteed

ïtime-elapse very hard to compute with sets
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Chapter Summary

ǒWhy should we care?

ïReachability Analysis is a set-based computation that can 

answer many interesting questions about a system (safety, 

bounded liveness,é)

ǒWhatôs the problem?

ïThe hardest part is computing time elapse.

ïExplicit solutions only for very simple dynamics.

ǒWhatôs the solution?

ïFirst study simple dynamics.

ïThen apply these techniques to complex dynamics.
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Outline

I. Hybrid Automata and Reachability

II. Reachability for Simple Dynamics

a) Linear Hybrid Automata

b) Piecewise Affine Hybrid Systems

III. Application to Complex Dynamics via Hybridization



38

In this Chapteré

ǒA very simple class of hybrid systems 

ǒExact computation of discrete transitions and time 

elapse

ïNote: Reachability (and pretty much everything else) is 

nonetheless undecidable.

ǒA case study
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Linear Hybrid Automata

ǒContinuous Dynamics

= convex polyhedron over derivatives



40

Linear Hybrid Automata

ǒDiscrete Dynamics

= convex polyhedron over x and xô
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Linear Hybrid Automata

ǒ Invariants, Initial States

= convex polyhedron over x
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Reachability with LHA

ǒCompute discrete successor states Postd(S)

ïall xôfor which exists x 2 S s.t.

Åx 2 G

Åxô2 R(x) Å Inv

ǒOperations:

ïexistential quantification

ïintersection

ïstandard operations on convex polyhedra
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Reachability with LHA

ǒCompute time elapse states Postc(S)

ǒTheorem [Alur et al.]

ïTime elapse along arbitrary trajectory iff time elapse along 

straight line (convex invariant).

ïtime elapse along straight line can be computed as projection 

along cone [Halbwachs et al.]

Inv
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Reachability with LHA [Halbwachs, Henzinger, 93-97]

invariant

initial states

9

derivatives

successors

projection 
cone

1. get projection 

cone
2. time elapse by 

projection 3. compute 

successors of 

transitions
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Multi-Product Batch Plant

8
5
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Multi-Product Batch Plant 

ǒCascade mixing process

ï3 educts via 3 reactors 

Ý 2 products

ǒVerification Goals

ïInvariants 

Åoverflow

Åproduct tanks never empty

ïFilling sequence

ǒDesign of verified 

controller 

LIS
11

M

LIS
22

QIS
22

LIS
32

LIS
31

M

LIS
23

QIS
23

M

LIS
21

QIS
21

LIS
13

LIS
12
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Switched Buffer Network

ǒBuffers s1,é,sn

ïstore material Ą continuous level 
x1,é,xn

ǒChannels

ïtransport material from buffer to buffer 
Ą continuous throughput v(s,sô), 

nondeterministic inside interval

ǒSwitching

ïactivate/deactivate channels 

discretely

x

vin

vout

x=xM

x=0

Buffer
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Continuous Dynamics

ǒStationary throughput

ïv Í[a,b]

ǒSource buffer empty

ïthroughput may seize, v Í[0,b]

ï inflow of source = outflow of source

ǒTarget buffer full 

ïthroughput may seize, v Í[0,b]

ï inflow of target = outflow of target
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Buffer Automaton Model

ïtank levels = cont. variables xi

ïincoming flow vin(s)=äsôv(sô,s)

ïoutgoing flow vout(s)=äsôv(s,sô)
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Channel Automaton Model

ïthroughput = algebraic variable (will be projected away)

this case study: 

omit saturation
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Production Schedule

ï uses 3 reactors in parallel

ï transfers of batches from one tank to another

ï formally a control strategy: locations ³cont. variables ­ locations
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Verification with PHAVer

ǒ Controller automaton model

ï 78 locations

ï ASAP transitions

ǒ Controller + Plant

ï 266 locations, 823 transitions

(~150 reachable)

ǒ Reachability over infinite time

ï 120sð1243s, 260ð600MB

ï computation cost increases 

with nondeterminism

(intervals for throughputs, 

initial states)

Controller Controlled Plant
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Verification with PHAVer
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Outline

I. Hybrid Automata and Reachability

II. Reachability for Simple Dynamics

a) Linear Hybrid Automata

b) Piecewise Affine Hybrid Systems

III. Application to Complex Dynamics via Hybridization
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In this Chapteré

ǒAnother class of (not quite so) simple dynamics 

ïbut things are getting serious (no explicit solution for sets)

ǒExact Computation time elapse only at discrete 

points in time

ïused to overapproximate continuous time

ǒEfficient data structures
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Piecewise Affine Hybrid Systems

ǒAffine dynamics

ïFlow:

ïFor time elapse itôs enough to look at a single location.
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Linear Dynamics

ǒLetôs begin with ñautonomousò part of the dynamics:

ǒKnown solutions:

ïanalytic solution in continuous time

ïexplicit solution at discrete points in time 

(up to arbitrary accuracy)

ǒApproach for Reachability:

ïCompute reachable states over finite time: Reach[0,T](X Ini )

ïUse time-discretization, but with care!
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Time-Discretization for an Initial Point

ǒAnalytic solution:

ǒExplicit solution in discretized time (recursive):

2± 3±±0

x0
x1

x2

x3

t

x(t)

multiplication with const. matrix eA±

= linear transform
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Time-Discretization for an Initial Set

ǒExplicit solution in 

discretized time

ǒAcceptable solution for purely continuous systems

ïx(t) is in ²(±)-neighborhood of some X k

ǒUnacceptable for hybrid systems

ïdiscrete transitions might ñfireò between sampling times

ïif transitions are ñmissed,ò x(t) not in ²(±)-neighborhood 

2± 3±±0

X 0

X 1

X 2

X 3

t

Reach[0,3±](X Ini )
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Bouncing Ball

ïIn other examples this error might not be as obviousé

X 90= ;
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ǒGoal:

ïCompute sequence Wk over bounded time [0,N±] such that:

ǒApproach:

ïRefine Wk by recurrence:

ïCondition for W0:

Reachability by Time-Discretization

2± 3±±0 t

Reach[0,3±](X Ini )

W0

W1

W2
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Time-Discretization with Convex Hull

ǒOverapproximating Reach[0,±]:

0X

1X

)( 0],0[ XReach d ),( 10 XXConv )),(( 10 XXConvBloat
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Time-Discretization with Convex Hull

ǒBouncing Ball:

W0 

X 0

X 1

X 0

X 1

W0 
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Nondeterministic Affine Dynamics

ǒLetôs include the effect of inputs:

ïvariables x1,é,xn, inputs u1,é,up

ǒ Input u models nondeterminism
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Nondeterministic Affine Dynamics

ǒAnalytic Solution

2± 3±±0 t

Reach[0,3±](X Ini )

influence of inputs

autonomous

dynamics

influence of

inputs
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Nondeterministic Affine Dynamics

ǒHow far can the input ñpushò the system in ± time?

ǒMinkowski Sum:


